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Abstract

The paper considers the complexity of bilinear forms in a noncommutative ring.
The dual of a computation is defined and applied to matrix multiplication and other
bilinear forms. It is shown that the dual of an optimal computation gives an optimal
computation for a dual problem. An nxm by mxp matrix product is shown to be the dual
of an nxp by pxm or an mxn by nxp matrix product implying that each of the matrix
products requires the same number of multiplications to compute, Finally an algorithm
for computing a single bilinear form over a noncommutative ring with a minimum number
of multiplications is derived by considering a dual problem.

Introduction

_ This paper is concerned with determining the minimum number of multiplications
necessary to compute certain bilinear forms over a noncommutative ring. We define the
dual of a set of expressions and the dual of a computation in such a manner that the
dual of the computation of a set of expressions is a computation for the dual of the
expressions. Furthermore, a computation and its dual both use the same number of
multiplications. This implies that the minimum number of multiplications necessary

to compute a set of expressions is the same as that to compute its dual.

The concept of duality is applied to matrix multiplication. The dual of a set of
expressions representing the multiplication of two matrices is a set of expressions
representing another matrix multiplication problem where the dimensions of the matrices
have been permuted. Thus we are able to show that the minimum number of multiplications
necessary to compute an nxm by mxp matrix product is the same as that required to compute
an nxp by pxm or an mxn by nhxp product. Optimal programs follow from previous
results. Dual statements of several interesting theorems are presented. Finally it is

shown that Strassen's algorithm for 2x2 by 2x2 matrix multiplication is unique to within
a linear transformation.

Definition of a Computation

Let € be a commutative ring with a unit element and let ¢ be a finite set of
indeterminants. Let & be the noncommutative ring obtained by extending € Dby multi-
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nomial expressions of the elements of Y. Throughout this section and the next F will
denote the set of bilinear forms

m A
zzcijkaj ¥ | 1<icp, aj.xkew, cijke %

j=1 k=1

Similarly a and x will denote the column vectors (al,az,...,am)T and
(xl,xz,...,xn)T.

We consider the notion of a computation (see Ostrowski [4]) as a sequence of in-
structions £, = g9; © hi where o stands for one of the binary operations of multi-

i
plication, addition or subtraction. Each fi is a new variable and each g; or h,

is either an element of %?U Py or a previously computed f£,. A multiplication of twol
elements of 3?, neither of which is in %? is assumed to %ake one unit of time. All
other operations require no time to perform. The motivation for counting only multi-
plications between elements in R-€ is that in applications the elements of ¢ may
be large matrices (Strassen [5]) and thus the scheme is not only mathematically tract-
able but also reflects the actual computation time within a constant factor. It is
well known that without division computations of bilinear forms can be reduced to com-
puting linear combinations of products of pairs of linear forms. This motivates the
following definition of a computation. Express the set of expressions F as (aTX)T+
n

where X 1is an mxp matrix with elements of the form :E: Cy X5, C qu. A computation
i=1

of F 1is an expression of the form M(Pa*Rx) where M , P and R are matrices of
dimensions pxq, gxm and gxn whose elements are from @, the symbol + indicates element
by element multiplication, and M(Pa-+Rx) ='(aTX)T. Since the straight forward method
of evaluating M(Pa-Rx) uses q multiplications between elements in éﬁ?-ﬁg , the
computation is said to have g multiplications.

Duality
This section defines the dual of a set of bilinear forms and the dual of a com-
putation. It is then shown that the dual of any computation of F computes the dual
of F.

Let b be the column vector }bl,bz,...,bp)T, bi € ¢y . The left dual of F is

the system of equations given by (bTXT)T . Let M(Pa*Rx) = (aTX)T be a computation
of F. The P-dual of the computation is the computation PT(MTb-Rx).

Lemma l: The P~dual of any computation of a system of expressions F computes the
left dual of F.

Proof: Let M(Pa*Rx) = (aTX)T be a computation of F. We must show that PT(MTb-Rx)
is a computation of (bTXT)T. Let D be a diagonal matrix whose diagonal elements are

the elements of the column vector Rx. Then (M(Pa-Rx))T = (Pa)T D MT, Since the elements

TBy (aTx)T we mean the matrix whose ij-‘iE element is the jiEE element of aTX. Since

the elements are from a noncommutative ring rather than a field (aTx)T # xTa in general.
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of P commute with the elements of a, (Pa)T = al PT . Now aTPT D MT = aTX for all a

implies pT p MT = X which in turn implies b MD P = bTXT for all b. Thus (MTb)TDP =

bTXT implying PT(MTb-Rx) = (bTXT)T.

In a similar manner the system of expressions F can be expressed as Ax where A is
m
a pxn matrix with elements of the form za ciai, cie € - The right QEEE of F is the
i=1
system of equations given by ATb. If M(Pa.Rx) is a computation of F, then the R-dual
of the computation is the computation RT(Pa~MTb). The R-dual of a computation of a
system of expressions F computes the right dual of F.

Lemma 2: The R-dual of any computation of a system of expressions F computes the right
dual of F.

Proof: The proof is analogous to that of Lemma 1.

Theorem 3: There is a computation for the system of expressions computed by M(Pa-‘Rx)
with g multiplications if and only if there is a computation with g multiplications
for each of the systems of expressions computed by PT(MTb-Rx), RT(Pa-MTb), RT(MTb-Pa),
PT (Rx-MTb) and M(Rx-Pa).

Proof: The result follows from the fact that a computation, its R~dual and its P-dual
each have the same number of multiplications.

Let M(Pa*Rx) be a computation of F and let ¢ be a column vector such that M(Pa-Rx)=
c. Let T, U, V be pxp, mxm, nxn matrices respectively with elements from . A trans-
formation of a vector ¢ of bilinear forms is the result of replacing each element of a
and x by the corresponding elements of Ua, Vx in Tc., A transformétioh of the computa-
tion M(Pa+Rx) is the computation TM(PUa-RVX).

Lemma 4: The transformation of a computation of ¢ is a computation of the transforma-
tion of c.

Corollary 5: If c¢' is a transformation of c, then c¢' can be computed in g multiplica-
tions if ¢ can be computed in g multiplications. If T, U and V are nonsingular and c¢'
can be computed in g multiplications then ¢ can be computed in g multiplications.

Matrix Multiplication

Let A, B and C be mxn, nxp and mxp matrices whose elements are from y. We will
show that there is a computation of AB with g multiplications if and only if there are
computations for

atc, 8TaT, BeT, cTa, cBT

with g multiplications. In other words the number of multiplications needed to compute
the product of an mxn matrix with an nxp matrix is the same as that required to compute
an nxm by mxp, pxn by nxm, etc. If one uses the ordinary algorithms which require nmp
multiplications then the result is not surprising. However, the result claims that no
matter what method is used the minimum number of multiplications is the same.

Let a,b,c be column vectors whose elements are those of A, B and C respectively in
row order

T
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The ljt element of AB is 1; 2 bkj' Therefore, there exist matrices M, P and R of
d
k=1

dimensions mp x q, g x mn and g x np whose elements are from % such that M(Pa-Rb) is a
computation for AB.

Theorem 6: The following statements are equivalent.

a) M(Pa-Rb) computes AB in row order using g multiplications.

b) PT (MTC - Rb) " CBT n " n " " "

c) RT (MTC'Pa) " (CTA) T " 1] " ” n n

d) M(Rb'Pa) n (BTAT)T ” " n n n L1}

e) PT (Rb'MTC) n (BCT) T n n " "n " ”"

f ) RT (Pa . MTC) " ATC " " u n n "
BO 0

Proof: We will prove only that (a) => (b). Let DB be the mn by mp matrix 0B. O .

00 °B

M(Pa-+Rb) computes AB in row order implies that M(Pa-Rb) = (aTDB)T by definition of a
computation. This in turn implies

pT(MTc.Rb) = (cTDg)T by Lemma 1.

Thus PT(MTc-Rb) computes CBT in row order.

Corollary 7: The minimum number of multiplications required to multiply mxn by nxp
matrices without using commutativity is the same as to multiply nxm by mxp, nxp by pxm,

pxm by mxn, pxn by nxm, or mxp by pxn.

Theorem 6 leads to new algorithms for multiplying various size matrices together.
Some of the new algorithms are optimal, others are at least improvements over the best
currently known. For example, in [3] it is shown that ﬁ3pn + max(n,p))/2—]multiplica—
tions is sufficient for px2 by 2xn matrix multiplication. It follows that
RBpn + max(n,p))/z—‘multiplications is sufficient for 2xp by pxn matrix multiplication.
Since r7n/21 multiplications are necessary and sufficient for 2x2 by 2xn matrix multi-
plication [3] it follows that r5n/21 multiplications are necessary and sufficient for
2xn by nx2 matrix multiplication. Similarly since 15 multiplications are necessary and
sufficient for 3x2 by 2x3 matrix multiplication, 15 multiplications are necessary and

sufficient for 3x3 by 3x2 matrix multiplication.

The number of multiplications necessary to compute the product of two 3x3 matrices
is an interesting open problem. If 21 or fewer multiplications are sufficient then the
asymptotic growth rate of Strassen's method [5] could be improved. An examination of
3x2 by 2x3 and 3x3 by 3x2 matrix multiplication algorithms may shed some insight on the
development of an algorithm for 3x3 by 3x3 matrix multiplication.

Let A, X, C and Y be 3x2, 2x3, 3x3 and 3x2 matrices whose elements are from .

Then
m; + m, -m, - my + m, - mg Smy - Mg - Mg + m, g
AX = -m; - m4 + m8 - My m3 + m, -my - m6 + mll - m12
My - me +mygy - My, ~My - Mg + My - My Mg + mg
where
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(8117312)%;; mg = (ragytag;)x,y, my1= (ayp7agytag,y) (4% 4%, 3+%, )
My = A1 (Xy¥xp) Mg = (apgtagy) (eptg Ry o) mpn= (mayptay,maggtag,y) (hxgxg o)
m3 = 231%12 Mg = (ay37aj tay)) (X txy1+ap)) My (ag,tagy) (xg)7%)3)
Mg T 2% . Mg = (31372)5%ay7may)) (xp14xy,)  myy= (mapymag,) (%y)+%,5)

Mg = a3) (X 3¥xy3)  Myg= (ayy%ag,) (3% ,4%) 34X, +%y4)  myg= (ag+ay)) (Xg+%5)

If
110 0 0 0 0 0 0 0 0 0 0 0 © W
0-1-1 0 0 0 1-1 0 0 0 0 0 0 O
-1 0 0 0-1 0 0 0 0 0 0 O0-1 0 1
-1 0 0-1 0 0 0 1-1 0 0 O 0 O O
M= 6 011 0 0 0 0 0 O 0 O0C OO0 0 O
6 0-1 0 0-1 0 0 0 0 1-1 0 0 O
0-1 00 0~1 0 0 0 0 0 0 1-1 0
0 0 0-1~-1 0 0 0 0 1-1 0 0 0 O
L 6 0 0 021 0 0 0 0 0 O O O O
-
r - — -
l1-1 0 0 0 o0 1 0 0 0 0 O
0 1 0 0 0 o 1 0 0 1 0 O
0 0 1 0 0 O 0 1 0 0 0 O
0 0 0 1 0 O 0 0 0 0 1 O
0 0 0 0 1 o 0 01 0 0 1
0 0 0 0-1 1 0 0 0 0 0 1
1 0 1 0 0 0 11 0 1 1 0
P = l1-1 10 0 0 R = 1 0 0 1 1 O
1-1 1-1 0 o0 0 0 0 1 1 o
0 0 0 1 0 1 0 1 1 0 1 1
0 0 1-1 1 6 1 1 0 0 1
0 0-1 1-1 1 01 1 0 0 O
0 0 0 1 o0 1 0 0 0 0-1
0-1 0 0 0-1 0o 0 0 1 0 1
Ll 0 0 0 1 Od L 1 0 1 0 O O‘Y

then M(Pa-Rx) computes AX in row order with 15 multiplications. By Theorem 6 PT(MTc-RVy)
is an optimal algorithm for CY. Thus

Ny + ny ¥ ng 4+ ng+ng TR t Ry = hg = ng F N33 - Ny,
BY = | n3 + n; + ng +ng - ny, By = ng + 035+ ny; + o0,
fg = Ng = M3 = Mgy ¥ 03 + 0y ng + nyy +nyy + 0y, -y,
where
ny = (ey1-c137Cy1)¥y, ny = (=cyy+cy,y-Cyy) ¥y,
ny = (e37€197C31) (¥11#4¥1,)  mg = (=Cy37C3,+Cy3) (¥3;+y5),)
n, = =

3 = (meppteyy-cy3)yyy ng = (-cy37Cyy+C33)lY3;
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n, = 0y (¥y1HYy5*Y511Y))) 12 = "Cp3(¥y1*Y3y)

ng = (=¢y,+Cy ) (¥11+Y 5%V ))) ny3 = (=Cy3%c3y) (¥y,-¥3,)
Ny = =Cpp (¥1,+¥55) g = ~C31(¥35*Y3))

1o = ©32(¥517¥22%Y317Y3)) 15 = C13W11tY3)

1y = (Sa37C3) (¥23%Y31*Y3))

The algorithm for AX is the union of three optimal algorithms that compute

a X

12 11 X12 231 212 *11 X13 231 272 %12 %13
] and
a31 233 %21 X23 a31 a3z X

221 232 X21 X22 %22 23

respectively such that each diagonal component of AX is computed with exactly two multi-
plications. Furthermore, both algorithms computing a given diagonal component, compute
it with the same two multiplications. Each of the three algorithms uses seven multipli-
cations, but each pair of algorithms has two multiplications in common. Thus only 15

multiplications are used in computing AX.

The algorithm for CY is the dual of the algorithm for AX. there is a dual

construction for it.

Thus,

This construction is described briefly below and followed by an
example.

Let W be the 3x2 matrix such that W = CY.
optimal algorithms that compute

Construct

€11 ©12 Y11 ¥12 Y11 T C13¥31 VY12 T C13¥32
€21 ©22 Ya1 ¥ W21 T C23¥31 W22 T C3Y32
P — _} -
11 €13 |, Y11 Y12 W11 T C12¥21 W12 T C12¥22
; = , and
L°31 €33 LY31 Y32 ) W31 T C32¥21 W32 T ©32Y2
~ r -
©22 C23 |i Y21 Y22 Y21 T C21¥11 Y22 T c2ly12w
Lfsz €33 Y31 Y32 ¥31 T ®31¥11 Y32 T C31¥i2 |
such that each c.,. appears in exactly two linear combinations which are left hand sides

of multiplications in each of the two algorithms

i1

involving Cii*

Furthermore, if o and B

are the right hand sides of the two multiplications in one algorithr, then o and B are

the right hand sides in the other.

Each pair of multiplications with the same right hand

whose left hand sides contain c;; are merged by the formula

where 21

and %

merge

(c,. + 21) o, (ci

11

+ lz)a

= (ci.

+ &

1

, are linear combinations of the components of C.

+ 22)a,

Each of the three orig-

inal algorithms contains seven multiplications and between each pair of algorithms, two

pairs of multiplications are merged.

in computing CY.

8

Thus the composite algorithm uses 15 multiplications



The following example should

Example
— —
1112 ¥11¥12
€21%22 || ¥21¥22
L L
c11°13T Y11¥32
€31%33 LY31Y32
L B 3
€22%23 || ¥21¥22
[o] [ Y Y

3233 31¥32

L JL )

where

ny=cy,(¥15+¥5,) ng=c

ny=(cy17c1,)¥y,

clarify the above

o

nl—n4+n6—n7

-n,+n,+n_.+n

174 7577

+n

TRygtR gt gty

13(¥11%Y3,)

ng=(cy3-c13)¥y3

description.

n,+n

172

-n.+n,+n_.+n

1737577

n15=C;3(¥y1+Y3,)

n16=(Cy,57Cy3) Yy

n3=(ey17C22) (¥317Y5)) 0= (C317¢33) (-¥31%Y35) ny7=(=€3p%C33) Y3,
Ny=Cp1 (¥117¥154Y 51 7¥5)) ny1=C31 (7YY 7Y 3147 35) ny1g=C32 ("¥337¥3))
ng=(c1atCy Yoy 2= (C13%C33)¥3; 9= (7C37C33) (-¥3:+¥3))
ng=(c11%ca1)¥y; ny3=leygtesyyy, 0= (~€337C35) (¥31-¥5))

n7=(ClZ+C21)(ylz_Y2l+Y22) nl4=(cl3+c3l)(Yll+y3l—y32)
Then
M)~y Fmg My tmg
CY = -ml+m4+m5+m7+ml3
TMgtMg+my y+1my 5 My 3+my o
where -
m =n; m9=merge(n

m2=merge(n2,n13)=(cll'c12+c3l)y12

m3=merge(n3,n20)=(c21—c22

|y=ny

mg=merge (ng,nye)=(cy,+c,y,=C)3)y,y
mg=merge (ng,ng)=(cy3-Cy3+cyy)yyy

m.,=n

777

m.=n

8 '8

=C33) (¥537¥55)

10711
mll=merge(

My p=N14

m, ,=nh

13 715

m =n18

=n

14

m

15 21

ny17(Cp3%C3,) (¥ +Y3,)

My +Hmy+mg =My oMy 5

—ml+m3+m5+m7+ml4+m

-m +m10+mll+m12—m

15

8 14

+C

107019) = (€ 3%C37=C34) (-¥3,+Y3,)

Digryg)=(cyg=cyy*es3)ys,

It is hoped that the techniques used above to construct algorithms for 3x2 by 2x3

and 3x3 by 3x2 matrix multiplication can be applied toward developing an optimal algo-

rithm for 3x3 by 3x3 matrix multiplication.
less than 24 multiplications has been found.

To date
Howeve

9

no algorithm for the latter using

r, there is no indication that



24 multiplications is the minimum.

Let D be a 3x3 matrix with elements from y. Then CD can be computed with 24 multi-
plications by partitioning the problem into a 3x2 by 2x3 and a 3x1 by 1x3 matrix multi-
plication problem or by partitioning the problem into a 3x3 by 3x2 and a 3x2 by 3xl
problem. These two partitions result in dual computations for 3x3 by 3%3 matrix multi-
plication. A third computation, also with 24 multiplications, can be obtained by using
both of the above combining techniques. 1In this case find optimal algorithms that com-
pute

411932 ©11%13 dy39;3 €22%3 dy29;3
R and

21922 ©31%33 d3;933 €32°33

€11%12

d d,,d

€21%22 32933

so that there are three pairs of multiplications used in computing the diagonal elements
of CD such that the two multiplications in each pair are either the same multiplication
or can be merged into a single multiplication. Thus 18 multiplications are used. To

these are added the six multiplications c13d32, c12(d23-dll)’ (c23+cl3)d3l, (c21+c3l)dl3,

¢,,4,,, and c,,(d,.-d,,). The computation of CD minus the above six multiplications is
31%12 32'%217%33 P

illustrated below.

my=(€y37C120d), mg=(c117¢137dy, m15=C33(dp3%+d3;3)
my=Cy3(dyy+dyy) Mg=Cy3(dgy+dyy) M6 (~C3p%C33)d;,

m3=C31%15 M1 =C33 (dy3+das) My 7=C23d3,

my=Cyd55 myy=(-c3ytes3ldsy ™ g=C22927
mg=(Cy1+C5)) (dyy 48 5¥dyy+dyy) Mpp=(egytesy) (dyy+dy3)  myg=(e,3tegy) (=d),-dy3-d5,=dy5)

Mg=(C117C12+C217Cpp) (dy+dyp) M 3=(=Cy37C33) (g +d33)  My=(Cyyte,y=Caytcyy) (-dyy-d,y 5y

my=(€137C)p%Cp ) (g +dy +dy5) myy=(oggteyg) (d19-d33)  Myp=(Cy3-Cyy+Cyy) (~dy,-d,3=dys)

Yyy = merge (ml,ms) tm, + mgy Yp3 = “Mjg = Myg + Myq = My, = merge(mll,m16)
Yip = My M3 + my - m, Y31 = Mg = M3 + my, - merge(m,,,m, )

Y13 = "Mpp * mpp - my, - merge(m ,mg) Y33 = ™Myg T My T Mg Wy,

Yoy = My - me + m, - my - merge(ml,ma) Y33 = merge (mll’m16) + M0 + mg

Ypp =Myt my + myy

In addition to helping find optimal (or better) algorithms for matrix multiplica-
tion, Theorem 6 or its more general form, Theorem 3, can be applied to previously pub-
lished theorems to yield new results. For example, the following appear in [3]. For
sake of simplicity the theorems are expressed for € being the integers. Some of the
theorems are more general.

A set of vectors vl,vz,...,vp with elements from 3? are nondependent such that

p

EZ civy is a vector with elements from ¥, each c; an element of\%? implies each ci=0.
i=1

Since an expression can be considered to be a one dimensional vector, the notion of non-

dependence applies also to expressions.



Lemma 8: (Winograd) Let A be an mxn matrix whose elements are from R and let

X = (xl,xz,...,xn)T where Xl'e Y. If A has p nondependent columns, then any computation
of Ax requires at least p multiplications.

Lemma 9: Let ¢ be a field and let F = {fl,...,fk,...,fp} be a set of expressions,

where fl""’fk are nondependent and each can be expressed as a single product. If F can
be computed with g multiplications, then there exists an algorithm for F with q multipli-

.cations in which k of the multiplications are fl,...,fk.

Lemma 10: Let A and X be 2x2 and 2xn matrices respectively whose elements are from .
If an algorithm for computing AX has k multiplications of forms alla,(a12+a21)s, and
(all+a12+a21)y, then the algorithm requires at least 3n + k multiplications.

Corollary ll: Let T be the group of transformations generated by the set of transforma-
tions which:

(1) interchange the two rows of A, two columns of X, or the two columns of A and
the two rows of X.

(2) either add (subtract) row i of A to row j of A, column i of X to column j of A4,
or add (subtract) column i of A to column j of A and simultaneously subtract

(add) row j of X to row i of X. By applying transformations from T we also
have similar theorems for

(@) (ajj+ay))o, (ajytayitayy) B, (ag tajtay,)y

() (aj +a )0, (ajytay +ay,) B, (ag tay +ay,)y

(el (agy*ajyrayytagylas (ajytay;)8, (ap +ay,)y

@ (ay)ar (ag *azyl8, (agy*ay;*ayy)e

(@) (apytazylay (agytag tayyle, (ag tayytayyly

(8) - ajpa (app%ay) By (ag %ay5%ay,) 8y

(9)  (agp*azylos (315%ay1+a5,) 8, (aj +ayytay) )y

(h) - aggar(agptagy)Bs (ayptagytagy)y
Lemma 12: Let A and X be 2x2 and 2xn matrices respectively whose elements are from y.
Any algorithm for computing AX which has k multiplications of types ay %, alZB’ and
(all+a12)y has at least 3n+k/2 multiplications. '

Corollary 1l3: By transformations we have similar theorems for aq% a228, (a21+a22)y

and for (all+a21)a, (a12+a22)6, (all+a12+a21+a22)y.

Applying Theorems 3 and 6 to each of the above yields several new theorems. However,
only one new theorem for each will be presented. The others are similar.

Lemma 1l4: (Fiduccia) Let A be an nxm matrix whose elements are from é%?and let x be an

arbitrary vector. If A has p nondependent rows, then any algorithm computing Ax requires
at least p multiplications.

Lemma 15: Let € be a field and F be the set of expressions
S Y
—
{. cijajBijI 1 <i<p; aj €y, cij € €: Bij = ZE: dijkxk' dijk € Q?, Xy € wj where
k=1

Blj =...=B_., 1< j <t. Let B be the pxt matrix whose ijth element is cijBij'
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If F can be computed with q multiplications and B has t nondependent columns, then F can

be computed with g multiplications in which ays-..,a, appear in exactly one multiplica-

tion each and that multiplication has the form (aj + SLJ.)Bj where

m

By = :ZJ P850 55 €€ 1 <3 <t
isErl

Lemma 16: Let A and X be 2xn by nx2 matrices respectively whose elements are from .
If an algorithm for computing AX = Y has k multiplications that are used only in com-

puting Yyy ©F only in computing Yia2 and ¥Yyp OF only in computing Yy17 Yya7 and Yoqr then
the algorithm requires 3nt+k multiplications.
Corollary 17: By applying transformations in T we have similar theorems for

(a) yyy and ¥y37 ¥yp0 ¥y and ¥yu7 ¥yg0 ¥yp and ¥y,

(b} ¥yy and ¥y55 ¥yp0 Yoy and Yopi ¥y30 Yoy and ¥y,

(c)

Yy17 Yyar ¥p3 304 ¥y55 ¥y, and vyqi vy and vy,
(@) ¥p17 ¥y and ¥ppi ¥y30 Yoy 304 ¥y,
(&) ¥py and ¥ppi Yi3v ¥1p 30 ¥ppt ¥yp0 ¥pp 304 ¥y
(£} yyp5 ¥py and ¥y55 ¥i30 Yy and vy,
(@) ¥y, and ¥y55 Y37/ ¥Ypy and ¥p57 ¥y10 ¥y, and vy,
(h)  ¥ppi Y35 and ¥yq7 ¥ior ¥y and vy,
Lemma 18: Let A and X be 2xn by nx2 matrices whose elements are from . Any algorithm

for computing AX = Y which has k multiplications used only in computing Yiq+ or both

Y12
has at least 3n+k/2 multiplications.

Corollary 19: By transformations we also have theorems for
(@) ¥py7 Y37 ¥p35 and ¥pyi
(b) ¥y and ¥p7 ¥ip and Yppi Yi3v Y0¥y 304 Yppe
Instead of using Theorems 3 and 6 to prove the above we can construct "dual" proofs.
As an example, we will present a proof for Lemma 18, the dual of Lemma 12.

Proof of Lemma 18:

We first state some results without proofs.

. n
(1) Let al,...,ap be n-vectors whose elements are of the form :E:cixi,ci € ig and
_ i=1
xi_E Y. Then al,...,ap are nondependent if and only if they are linearly in-
dependent.
(2) Let C and D be mxn matrices whose elements are from 39 . If C and D have kl
and k2 nondependent columns respectively then C+D has at most kl+k2 nondepen-

dent columns.,

(3) Let C be a 2xn matrix whose elements are from 3@. If C has k nondependent
columns, then row 1 or row 2 of C has at least k/2 nondependent elements.
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Let Myyeee ey be the k multiplications which are assumed to be used only in com-

puting Yy1+ Y19 OF both. Then Y1 = Ml + F1 and Yio = M2 + F2 where Ml and M2 are sums

of the Mypees My and Fl =¥Yy1 -~ Ml and F2 =Yio ~ M2. Without loss of generality we can
assume
Ml.l: Gx and 1 = HX where x = [X,,,%X,,, X1 ,% 17
1177127 °° " nl1'"n2
M F
2 2
2 n
and G and H are 2x2n matrices whose elements are of the form zz zz cijaij’ cij_E %?.
. i=1 j=1
Let G' and H' be the matrices resulting when we set Ay) = +es T Ay, = 0. G' has at most
Y11
k nondependent columns by Lemma 8. Since =|{G' + H' ]| x, G' + H' must have 2n non-
Yy
12

dependent columns. Hence by (2) H' has at least 2n-k nondependent columns and by (3)
row i, 1 is 1 or 2, has at least n-k/2 nondependent elements. Therefore, by (1) H has
n-k/2 elements in row i of the form

n n n

E; cjalj + zz dkaZk’ cj, dk € Q?, such that the ji cjalj parts of each element

j=1 k=1 j=1

are linearly independent.

Assume ¥ is a field. We can remove n-k/2 multiplications from Q by
(1) removing Mypeee My '

(2) equating an appropriate choice of n-k/2 elements in row i of H to zero and

solving for n-k/2 a,,'s.

1j
The new algorithm computes ¥Ya1 and Y22 which requires 2n multiplications., Hence Q

must have had at least 3n+k/2 multiplications. If € is not a field 3n+k/2 is still a
lower bound.

Theorems 3 and 6 and the preceding lemmas lead to the following lemmas for 2x3 by
3xn matrix multiplications (and hence 2xn by nx3, 3x2 by 2xn, 3xn by nx2, nx2 by 2x3,
and nx3 by 3x2 matrix multiplications).

Lemma 20: Let A and X be 2x3 and 3xn matrices respectively whose elements are from y.
Any algorithm for computing AX which has k multiplications of forms a; o alZB’
(all+a12)y, al36, (all+al3)£, (a12+a13)e, and (all+a12+al3)¢ has at least 4n+2k/3 mul-

tiplications.
Proof: Similar to Lemma 12,

Corollary 21: Extend the definition of T in Corollary 1l in the obvious way to 2x3 by
3xn matrix multiplication. Then by transformations in T we have similar results for

(a) ayja, ay,B, (ayy%a,,) vr @338, (ayytays)e, (ay,tay4) 8, (2, +a,,ta,5)¢

(b)  (agjtagzpla, (agytay,) B, (agj+ag tas +ays,) v, (aggtay3)d, (aj +a)gtay +ay3) e,

(aj*ajqtagy*ass) 8, (ag ta)Ha) g+ay +ay,+as 409

Corollary 22: If n=3, and Q is an optimal algorithm for computing AX, then k < 4.
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Corollary 23: Let n=3 and let Q be an optimal algorithm for computing AX. Let SA be the
set of all multiplications in Q that begin with

8117 312+ 211+127 2137 31173130 31573330 319%315%a130 Ay 550 B57%355, a53,
ay1tangs %3330 dpy%ajstaggs a15%a, s ajp%as,y, A tagtay tas,, aygtay gy

api1tay3tas tasys ajp*ajgtasytasg, ajgta)taggtay tasstas,.
Then

(i) at most 12 multiplications of Q are in SA'
(ii) no two multiplications of Q that are in SA have the same left hand side.

Proof
(i) Follows from corollary 22. '

(ii) Suppose some multiplication of Q is in SA' By applying transformations from T we
can assume without loss of generality that multiplication has the form élla. Set
a;; = 0. This removes at least one multiplication from Q. Q now computes

X13

(1)
a a )
871 22 23 X21 %22 %23

¥31  *32 *33
By Lemma 15 we can. assume that setting a,, = 0 causes three multiplications to disappear.
The resulting computation is a 2x2 by 2x3 matrix multiplication which requires 1l multi-
plications. Thus if setting a;; = 0 removed more than one multiplication Q must orig-
inally have had 16 multiplications and hence was not optimal. Therefore Q had only one

multiplication of form ap,a.

For the remainder of this discussion on matrix multiplication let €= Zz, the inte-
gers modulo 2, We will conclude this section by showing that Strassen's algorithm for
2x2 by 2x2 matrix multiplication is unigque to within a transformation of T (as defined
in Corollary 11). That is, every optimal algorithm for 2x2 by 2x2 matrix multiplication
can be obtained from any given optimal algorithm for 2x2 by 2x2 matrix multiplication by
applying a transformation of T to the latter. Let A and X be 2x2 matrices whose elements

_ T _ T
are from y. Let a = [all'alZ’aZI’a22] and x = [xll'x12'x21'X22] . Let M, P, R be 4x7,

7x4, and 7x4 matrices respectively whose elements are from € such that M(Pa-Rx) computes
AX in row order. M(Pa.Rx) uses 7 multiplications and hence is an optimal algorithm.

Lemma 24: For fixed P and R, M is unique.

Proof: Assume M(Pa-Rx) = M'(Pa-Rx) where M' is a 4x7 matrix whose elements are from &

and M # M'. Then there exists an equation m, + ... + m = 0, k > 1, where m, is an entry

1
of the column vector Pa-Rx. Thus m, can be replaced by (m2 +my t ...t mk), implying

that AX can be computed with 6 multiplications. 1In [3] it is shown that 7 multiplica-
tions are required. Therefore, M is unique.

Theorem 25: Any optimal algorithm Q for 2x2 by 2x2 matrix multiplication is unique
to within a transformation of T.

Proof: Divide the multiplications of Q into two disjoint sets S, and Sgr where the
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multiplications in SA have left hand sides which can be mapped onto a;q by a transforma-
~tion in T and the multiplications in SB have left hand sides which can be mapped onto

aj, + asy by a transformation in T. 1In [3] it is shown that an optimal algorithm must have

six multiplications from Sa and one from SB' Since any element of Sz can be mapped to

any other element of SB by a transformation in T we can assume without loss of generality
that Q has a multiplication of the form (all+a22)a. Lemmas 10 and 12 tell us that the
remaining multiplications have forms

(a1a%ayylays (ag3%ay dag, ayuy, (apgtagylagy (a5 +azlags 3350,
Since the transformations of T preserve AX, any transformation that sends ajpta,, into
itself will send the set of remaining left hand sides into itself. Thus we can assume
without loss of generality that

(aj;%ay,)

(a,,+a

12 22)

(ajj*ayg)

Pa = a22

(a, +a

117212)

(apg*ayy)

L a1 J

By the same reasoning and using duals of Lemmas 10 and 12, we can conclude that the
right hand sides of the multiplications of Q must be a transformation of

{X1%%p0 Xp1¥Rpp0 Xy1¥¥ g0 Xopr X1¥¥ppe Xyp¥¥opr Xqql-
Since for any two sets of possible right hand sides there exists a transformation in T
that sends one to the other without changing the set of left hand sides corresponding to
the former, we can assume without loss of generality that

(X11+x22)w
(x51+%;5,)
(x13¥%)5)

WRx = %55 where W is a 7x7 permutation matrix
(xy7¥%51)
(x72+%55)
Loy

We need only show that R is unique.

Somehow we must form the product a1,%yq Hence one of the four multiplications

(a12+a22)(x21+x22), (a12+a22)(xll+x21), (all+a12)(x21+x22), anad (all+a12)(xll+x21) must
be present. Assume (a12+a22)(xll+x21) is in Q. Then (all+a12)(xll+x22) must also be in
Q since this is the only way to cancel the product aj Xy from (al2+a22)(xll+x21) and to

introduce the term aj9%¥59. However, we cannot obtain a1,%5q and a1,%,, 10 separate ex-~

pressions. Thus (a12+a22)(xll+x21) is not in Q. Similar arguments eliminate
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(all+a12)(x21+x22) and (all+a12)(xll+x21), leaving (a12+a22)(x21+x22).

Considering products involving Q157 8577 Xy Xpp we find that (a12+a22)(x21+x22),
(ayy+ayy) (X)1+%7,) 0 3y, (%11¥%50) s (a1y%8)7) %55, (ap1+ayy)xgy, apy (X p+xy,) are in Q.
This leaves (all+a22) to match with (xll+x22).

Since the left and right hand sides can match up only one way R is unique. Thus by
Lemma 24 M is unique and thus, the algorithm is unique to within a transformation of T.

General -Expressions

Let AyrecerBys XyreoesXy, d, be in € and 1let C117C€127°+++mn be in y. Let

a = [al,...,am]T, X = [xl,...,xm]T and 4 = [d]. In this section we develop an effective

procedure which will yield an optimal algorithm for computing a single expression

n m
S S e
i3 1 ]
j=1 i=1
n m
Vari [6] lish th b ided that 5 N = 0 if a ly if
ari accomplishes e above provide a /. Z: cijaixi = if and only i
j=1 i=1
a. = x. = 0 for all i,j. Vari has subsequently removed this condition. Using Theorem 3,

i ]
we give a second proof.

Theorem 26: There exists an effective procedure which yields an optimal algorithm for
computing the expression

n m
D Q. carty
j=1  i=1

n m
Proof: Theorem 3 tells us that an optimal algorithm for computing Ei EZ cijaixj is
=1 i=1

the P-dual of an optimal algorithm for computing the set of expressions

n
s = { jz cijdlei=l,...,m}.
j=1

The minimum number of multiplications needed to compute this set of expressions equals
n
the maximum number of nondependent expressions in the set {ZE: cijlei =1,...,m}.
j=1
Clearly, then we can find matrices M, P, R of appropriate dimensions such that M(Pd-Rx)
computes S with the minimum number of multiplications. Then PT(MTa'Rx) computes

m n
ji Ez cijaixj with the minimum number of multiplications.
i=1 j=1
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